We add here some further characterizations to the characterizations of strongly regular ordered Γ-semigroups already considered in Hacettepe J. 
Introduction and prerequisites
We have already seen in [2, 3] the methodology we use to pass from ordered semigroups (semigroups) to ordered Γ-semigroups (Γ-semigroups). Some of the results can be transferred just putting a "Gamma" in the appropriate place, while there are results for which the transfer is not easy. But anyway, we never work directly on ordered Γ-semigroups. If we want to get a result on an ordered Γ-semigroup, then we have to prove it first in an ordered semigroup and then we have to be careful to define the analogous concepts in case of the ordered Γ-semigroup (if they do not defined directly) and put the "Γ" in the appropriate place. In that sense, although a result on ordered Γ-semigroup generalizes its corresponding one of ordered semigroup, we can never say "we obtain and establish some important A semigroup S is called regular if for every a ∈ S there exists x ∈ S such that a = axa, that is, if a ∈ aSa for every a ∈ S or A ⊆ ASA for every A ⊆ S. A semigroup S is called left regular if for every a ∈ S there exists x ∈ S such that a = xa 2 , that is a ∈ Sa 2 for every a ∈ S or A ⊆ SA 2 for every A ⊆ S. It is called right regular if for every a ∈ S there exists x ∈ S such that a = a 2 x, that is a ∈ a 2 S for every a ∈ S or A ⊆ A 2 S for every A ⊆ S. A semigroup S is called completely regular if for every a ∈ S there exists x ∈ S such that a = axa and For two nonempty sets M and Γ, define MΓM as the set of all elements of the form m 1 γm 2 , where m 1 , m 2 ∈ M and γ ∈ Γ. That is,
Let now M and Γ be two nonempty sets. The set M is called a Γ-semigroup if the following assertions are satisfied:
This is the definition in [1] and it is a revised version of the definition of Γ-semigroups given by Sen and Saha in [7] , which allows us in an expression of the form, say A 1 ΓA 2 Γ, ....., A n Γ to put the parentheses anywhere beginning with some A i and ending in some A j (i, j ∈ N = {1, 2, ....., n}) or in an expression of the form a 1 Γa 2 Γ, ....., a n Γ or a 1 γa 2 γ, ....., a n γ to put the parentheses anywhere beginning with some a i and ending in some a j (A 1 , A 2 , ....., A n being subsets and a 1 , a 2 , ....., a n elements of M). Unless the uniqueness condition (widely used and still in use by some authors) in an expression of the form, say aγbµcξdρe or aΓbΓcΓdΓe, it is not known where to put the parentheses.
Here is an example of a po-Γ-semigroup M which is easy to check [3] and shows exactly what a Γ-semigroup is. Other examples in which M has order 3, 5 or 6 and Γ order 2, one can find in [1] [2] [3] : Consider the two-elements set M := {a, b}, and let Γ = {γ, µ} be the set of two binary operations on M defined in the tables below:
One can check that (xρy)ωz = xρ(yωz) for all x, y, z ∈ M and all ρ, ω ∈ Γ. So M is a Γ-semigroup.
An ordered Γ-semigroup (shortly po-Γ-semigroup) M, also denoted by A subsemigroup T of (M, Γ, ≤) is called strongly regular if the set T with the same Γ and the order " ≤ " of M is strongly regular, that is, for every a ∈ T there exist y ∈ T and λ, ρ ∈ Γ such that a ≤ aλyξa and aλy = yλa = yξa = aξy.
We write it also as (T, Γ, ≤).
Theorem. Let M be an ordered Γ-semigroup. The following are equivalent:
(1) M is strongly regular.
(2) For every a ∈ M, there exist y ∈ M and γ, µ ∈ Γ such that a ≤ aγyµa, y ≤ yµaγy and aγy = yγa = yµa = aµy. (6) For every a ∈ M there exist e a , e ′ a ∈ MΓaΓaΓM and ρ, µ ∈ Γ such that e a ≤ e a ρe ′ a , a ≤ e a µa, a ≤ aρe Proof. (1) =⇒ (2). For its proof we refer to [4] . For convenience, we sketch the proof: Let a ∈ M. Since M is strongly regular, there exist x ∈ M and γ, µ ∈ Γ such that a ≤ aγxµa and aγx = xγa = xµa = aµx. Then we have a ≤ aγxµa ≤ (aγxµa)γxµa = aγ(xµaγx)µa.
For the element y := xµaγx of M, we have a ≤ aγyµa, y ≤ yµaγy and aγy = yγa = yµa = aµy. (4). Let L be a left ideal of M and a ∈ M such that aΓa ⊆ L. Then a ∈ L. In fact: Since a ∈ (a) N and (a) N is strongly regular, there exist x ∈ (a) N and γ, µ ∈ Γ such that a ≤ aγxµa and aγx = xγa = xµa = aµx. Then we have
and a ∈ L. If R is a right ideal of M, a ∈ M and aΓa ⊆ R, then a ≤ aγ(xµa) = aγ(aµx) = (aγa)µx ∈ (aΓa)ΓM ⊆ RΓM ⊆ R, so a ∈ R, and R is also semiprime.
Let L be a left ideal and R a right ideal of M. The (nonempty) set (LΓR] is a subsemigroup of M. In fact: Let a, b ∈ (LΓR] and γ ∈ Γ. We have
Let now a ∈ (LΓR]. Then there exist x ∈ (LΓR] and γ, µ ∈ Γ such that a ≤ aγxµa and aγx = xγa = xµa = aµx. In fact: Since a ∈ (a) N and (a) N is strongly regular, there exist t ∈ (a) N and γ, µ ∈ Γ such that a ≤ aγtµa and aγt = tγa = tµa = aµt. Since a ∈ (LΓR], there exist y ∈ L, ρ ∈ Γ, z ∈ R such that a ≤ yρz. We have a ≤ aγtµa ≤ aγtµ(aγtµa) = aγ(tµaγt)µa.
For the element x := tµaγt, we have
Since tµy ∈ MΓL ⊆ L and zγt ∈ RΓM ⊆ R, we have (tµy)ρ(zγt) ∈ LΓR, then x ∈ LΓR. Moreover, we have aγx = xγa, that is, aγ(tµaγt) = (tµaγt)γa. Indeed, aγ(tµaγt) = (aγt)µ(aγt) = (tµa)µ(tγa) = tµ(aµt)γa = tµ(aγt)γa = (tµaγt)γa. xµa = aµx, that is, (tµaγt)µa = aµ(tµaγt). Indeed, (tµaγt)µa = (tµa)γ(tµa) = (aµt)γ(aγt) = aµ(tγa)γt = aµ(tµa)γt = aµ(tµaγt). xγa = xµa, that is, (tµaγt)γa = (tµaγt)µa. Indeed, (tµaγt)γa = (tµa)γ(tγa) = (tµa)γ(tµa) = (tµaγt)µa. (6) =⇒ (7). This is obvious. (8) =⇒ (1) . For its proof we refer to [4] . ✷ Corollary. Let M be an ordered Γ-semigroup. The following are equivalent:
(1) M is strongly regular. (2) =⇒ (3). This is obvious. , we have the following: Let S be an ordered semigroup. Suppose that for every a ∈ S there exists a subset e a of S such that a ∈ (e a a], a ∈ (ae a ], and the set (SaS] is a strongly regular subsemigroup of S. Then S is strongly regular.
